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Abstract 
Based on the concept of hybrid Finite Element (FE) analysis and Statistical Energy 
Analysis (SEA), a new hybrid method is developed for the mid-frequency vibration of 
vibro-acoustic systems. The Boundary Element (BE) method is used to describe the 
motion of a deterministic acoustic cavity. By enforcing the continuity conditions of 
displacement and velocity at the coupling interface, the dynamic coupling between the 
deterministic acoustic cavity and the statistical structure described by SEA is established. 
Then, a hybrid BE-SEA method for the mid-frequency vibration of vibro-acoustic 
systems is proposed. Post-processing provides formulations for calculating the sound 
pressure at points inside the acoustic cavity. Due to the nature of the BE method for 
acoustics, the proposed method not only has few degrees of freedom, but also 
automatically satisfies the Sommerfeld radiation condition at infinity for exterior 
acoustics problems. A numerical example compares results from the proposed hybrid BE-
SEA method with those from the hybrid FE-SEA method and Monte Carlo simulation. 
The comparison illustrates that the proposed method gives good predictions for the mid-
frequency behavior of vibro-acoustic systems and has the fewest degrees of freedom.  
Keywords: Mid-frequency; Vibro-acoustics; Hybrid methodology; Boundary element 
method; Statistical energy analysis 
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1 Introduction 
Vehicles such as carrier rockets, aircraft and automobiles may be subjected to a wide 
range of excitation frequencies during their operation. The structure and the acoustic 
cavities around it form a typical complex vibro-acoustic system for which it is necessary 
to consider the coupling interaction between the structure and the acoustic cavities. In 
order to improve the safety, comfort and stability of the system it is essential to study the 
dynamic behavior of the complex vibro-acoustic system when optimizing the design. 
A complex vibro-acoustic system will typically exhibit mixed mid-frequency 
behavior when it is excited in a mid-frequency environment. In general, it may be difficult 
to study the dynamic response of complex vibro-acoustic systems by using a deterministic 
method such as Finite Element (FE) analysis [1, 2]. Since an appropriate element size 
(typically six to eight elements per wavelength [3, 4]) is required to capture the detailed 
deformations of the system, the degrees of freedom may increase significantly with 
decrease of the wavelength as the frequency increases. To overcome this difficulty, many 
improved methods, such as higher-order techniques [5-7], reduction techniques [8-10] 
and the ultra-weak variational formulation [11], have been developed based on FE 
analysis. However, such element-based techniques are appropriate mainly for the 
dynamic analysis of systems at lower frequencies. In contrast, wave based approaches 
can provide complete deterministic analyses. Langley [12] and Bercin and Langley [13] 
obtained the forced vibration responses of complex systems consisting of rectangular 
4 
plates by using the wave dynamic stiffness method. The energy flow was analyzed by 
Wester and Mace [14] using a wave method in which the flow of energy between 
components is described in terms of generalized ‘wave components’. Ma et al. [15] 
converted the governing differential equations for transverse vibration of thin plates into 
Hamiltonian canonical equations, and then proposed a semi-analytical method for steady-
state forced vibration response of rectangular thin plates. Barbarulo et al. [16] developed 
a technique, which combines the Variational Theory of Complex Rays proposed by 
Ladevèze and Arnaud [17] with proper generalized decomposition, for calculating the 
response of acoustic systems. Desmet [18] proposed the Wave Based Method (WBM) for 
the steady-state dynamic analysis of vibro-acoustic systems. Higher accuracy and 
efficiency can be provided by these wave-based methods for predicting the system 
response. 
However, uncertainties in the dimensions of the geometry and in the material 
properties inevitably arise during the manufacture and assembly of systems. As the 
frequency increases, the response of a system may be very sensitive to uncertainties, such 
as small imperfections in the system. Hence, it is necessary to consider the uncertainty of 
the system when it is excited in mid- and high-frequency ranges. However Monte Carlo 
simulation, in which both element-based and wave-based techniques can be employed to 
consider the uncertainty of the system, requires many reanalyses and is computationally 
expensive [19]. A popular statistical method is Statistical Energy Analysis (SEA) [20], in 
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which the system is divided into a number of subsystems according to groups of similar 
modes. SEA employs the time, frequency and space average energy responses of each 
subsystem as the degrees of freedom, and establishes the power balance equation by 
considering the power exchange between the subsystems. A good prediction for the 
statistical behavior of the system at higher frequencies may be obtained by using SEA 
with little time cost. However, some assumptions in SEA may only be satisfied when the 
system has a high modal density at higher frequencies.  
Unlike SEA, the statistical modal energy distribution analysis proposed by Maxit 
and Guyader [21, 22] in the framework of SEA focuses on the power exchange between 
the modes, and not between whole subsystems. Statistical modal energy distribution 
analysis can be used even if the system has a low modal density, because it considers all 
resonant and non-resonant modes in the frequency range of interest, i.e. not just the 
resonant modes of the subsystem. MODal ENergy Analysis, developed by Totaro and 
Guyader [23] and based on the concept of the statistical modal energy distribution 
analysis, can provide energy analysis of subsystems at pure tone. The above two methods 
make a link between the energy methods and the FE method. The modal power balance 
equation can be established by modal analysis of the components in which the FE method 
models are of smaller simpler components, rather than the vibro-acoustic system as a 
whole. Langley [24] proposed the wave intensity method for analyzing the bending 
vibrations of a panel array at higher frequencies. This method provided a significant 
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improvement over SEA by considering the directional filtering effects of the connections, 
which may lead to lower statistical wavefields. Langley and Bercin [25] then extended 
this method to the bending and in-plane vibrations of various plate structures. For a 
complex system, wave intensity techniques may face some difficulty when handling 
complex structural joints. The energy FE method [26, 27] was developed to predict the 
average response of complex systems at high frequency ranges. The balance equation of 
the energy density is established by using net energy flow and energy superposition 
principles. Then, the equation can be solved using the FE method by considering the 
power flow between structural elements. The energy FE method can provide the local 
responses of the system. However the joint matrix, which was developed to deal with the 
discontinuity of the structures, may be difficult to obtain for complex junctions. Based on 
approaches describing essentially ray tracing type models [28], Le Bot [29] proposed a 
vibro-acoustic model for medium and high frequency analysis considering energy 
conservation of the systems. This model considers local variables, and can predict the 
repartition of energy density inside each subsystem. Tanner [30] proposed dynamical 
energy analysis for high frequency analysis of the vibro-acoustic systems, which 
interpolates between standard SEA and full ray tracing containing both these methods as 
limiting cases. According to this method, the typical SEA assumptions can be quantified 
in terms of the properties of the ray dynamics. 
When a complex vibro-acoustic system is subjected to a mid-frequency excitation 
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force, some components are subjected to short wavelength deformation, while other 
components are subjected to long wavelength deformation. Considering the different 
vibration behaviors of components, Zhao and Vlahopoulos [31] proposed a hybrid 
method, which combines the FE method and the energy FE method, for analyzing co-
linear beam systems. The hybrid equations of the FE subsystems and energy FE 
subsystems, together with the interface equations, are solved simultaneously by an 
iterative process. Shorter and Langley [32, 33] later presented a hybrid method combining 
FE and SEA for predicting the ensemble average response of complex vibro-acoustic 
systems. In this hybrid FE-SEA method, the FE method is employed to describe the 
motion of the so-called deterministic subsystems, which are subjected to long wavelength 
deformation, while the SEA is employed to model the so-called statistical subsystems, 
which are subjected to short wavelength deformation. The equations of the two types of 
subsystem are coupled by the diffuse-field reciprocity principle, which is a non-iterative 
relationship between the energy of the statistical subsystem and the cross-spectrum of the 
blocked reverberant force [33]. Based on the framework of hybrid FE-SEA method, Zhu 
et al. [34] developed the hybrid FE-energy FE method for analyzing beam-plate systems 
in the high frequency range. Ma et al. [35] developed a hybrid approach which employs 
the wave propagation method to describe the motion of rectangular plates. This method 
provides a good prediction for mid-frequency vibration analysis of built-up plate systems 
so long as the deterministic plates are rectangular. Langley and Cordioli [36] fully 
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discussed the application of the hybrid FE-SEA method in the mid-frequency vibration 
analysis of vibro-acoustic systems with domain coupling of statistical subsystems, and 
proposed a reduced form of the deterministic subsystem equations. However, the FE 
method may face some difficulty when the acoustic cavity domain is unbounded. In the 
hybrid method proposed by Vergote et al. [37], the WBM was adopted to model the 
acoustic cavity instead of the FE method, so increasing computational efficiency. 
The present paper develops a hybrid approach for the mid-frequency vibration of 
vibro-acoustic systems within the framework of the hybrid FE-SEA method. Based on 
the concept of hybrid FE-SEA, the proposed method adopts the Boundary Element (BE) 
method [38, 39] to describe the motion of the acoustic cavity instead of the FE method or 
WBM. As is well known, the BE method is a powerful method for acoustics. Due to the 
nature of the BE method, the proposed method only discretizes the boundary of the 
acoustic cavity into elements, which is easier than discretizing the acoustic cavity domain 
and leads to a smaller number of degrees of freedom. It is also better able to handle 
exterior acoustics problems. Section 2 outlines the basic principles of the hybrid method. 
Section 3 derives the governing equation and power balance equation, followed by 
formulations for calculating the sound pressure at points inside the acoustic cavity. The 
numerical example in section 4 validates the proposed hybrid BE-SEA method against 
the hybrid FE-SEA and Monte Carlo simulation. 
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2 Basic principles of the hybrid method 
In the hybrid FE-SEA method proposed by Shorter and Langley [32], a complex 
system is modeled as an assembly of deterministic and statistical subsystems according 
to deformation wavelengths. The deterministic components are modeled using the FE 
method, while the statistical components are modeled as SEA subsystems. The response 
of statistical components is viewed as the superposition of two wave fields, one of which 
is the direct field formed by the initial generated waves, prior to any boundary reflections, 
and the other is the reverberant field formed by the waves produced on the first and all 
subsequent reflections [33]. 
The presence of uncertainties in the statistical system is accounted for in the 
reverberant field, with the result that the direct field is deterministic across the ensemble. 
The direct field dynamic stiffness matrix and the blocked reverberant force can be 
respectively defined as those resulting from the presence of the direct field and the 
reverberant field. The field dynamic stiffness matrix can in principle be computed from a 
BE analysis. In many instances, however, analytical approaches can be used to obtain 
such a matrix [33]. The total dynamic stiffness matrix for the system can be found by 
adding the direct field dynamic stiffness of the statistical subsystems to the dynamic 
stiffness of the deterministic subsystems, and the total excitation applied to the system is 
found by adding the external excitation and the blocked reverberant force. Hence, the 
governing equation of the system is assembled. 
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The power balance equation for the reverberant field can be found by considering 
the conservation of energy in the statistical subsystem. The time and ensemble average 
input power to the direct field of the statistical subsystem can be separated into input 
power due to external excitation applied directly to the statistical subsystem and 
contributions from the force at the connection region associated with the deterministic 
subsystem. The power losses of the statistical subsystem are due to the rate at which work 
is done on the connection region by the blocked reverberant force and dissipation within 
the reverberant field resulting from the presence of the damping. Central to the 
development of the hybrid FE-SEA method is the concept of the diffuse-field reciprocity 
relationship [33], which relates the ensemble average of the cross-spectrum of the blocked 
reverberant force associated with the reverberant field to the ensemble average energy of 
the statistical subsystem. Then, the ensemble average rate at which energy leaves the 
reverberant field may be explicitly calculated as a function of the subsystem average 
energy as well as the ensemble average power dissipated within the reverberant field due 
to damping. Hence, the ensemble average energy of the subsystem can be calculated by 
non-iterative calculations, and once again using the diffuse-field reciprocity relationship, 
the ensemble average of the cross-spectrum of the response of the deterministic 
subsystem can be obtained. 
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3 Hybrid BE-SEA method for vibro-acoustic problems 
Without loss of generality, this section demonstrates the hybrid BE-SEA method 
using a vibro-acoustic system consisting of a deterministic acoustic cavity and a statistical 
thin plate. The acoustic cavity is a cuboid domain with acoustically rigid walls, except for 
one wall, which is the vibrating plate. The displacement, pressure and normal velocity on 
the fluid-structure coupling interface are continuous. According to reference [33], the 
motion of the statistical thin plate can be partitioned into the direct field and the 
reverberant field, as shown in Fig. 1. 
 
Figure 1 in text 
 
3.1 Governing equation of the system 
As described in section 2, the deterministic acoustic cavity and the direct field of the 
statistical thin plate are considered first to assemble the governing equation of the system. 
For an acoustic cavity domain � , the governing differential equation for time-
harmonic linear acoustics is the Helmholtz equation [38, 39]  
 
 ׏ଶ�ሺܚሻ + ݇ୟଶ�ሺܚሻ = Ͳ, (1) 
 
where �ሺܚሻ is the sound pressure at field point ܚ. ׏ଶ= డమడ௫మ + డమడ௬మ + డమడ௭మ is the Laplacian 
operator, ݇ୟ = ఠ�బ is the acoustic wave number, ߱ is the angular frequency, and �଴ is 
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the speed of sound. 
Eq. (1) can be written in a weak formulation by applying Green’s second identity 
[38, 39]  
 
 
�ሺܚሻ�ሺܚሻ = ∫ [�ሺܚ�ሻ ߲ܩሺܚ, ܚ�ሻ߲݊ሺܚ�ሻ + iߩ଴߱ܩሺܚ, ܚ�ሻݒ୬ሺܚ�ሻ] d�ሺܚ�ሻ� , (2) 
 
where � is the boundary surface of the acoustic cavity domain �, ݊ሺܚ�ሻ and ݒ୬ሺܚ�ሻ 
are the unit inward normal and the normal velocity, respectively, at the source point ܚ�. ߩ଴ is the density of the fluid, i = √−ͳ is the imaginary unit, ܩሺܚ, ܚ�ሻ is the free-space 
Green’s function for the Helmholtz equation [38, 39], �ሺܚሻ is a jump-term related to the 
geometry at the field point ܚ, and given by  
 
 �ሺܚሻ = {  
  ͳ, ܚ א �|�భమ, ܚ א �ሺsmoothሻΘ4�, ܚ א �ሺnonsmoothሻͲ, ܚ ב � , (3) 
 
where Θ  represents the solid angle which is a two-dimensional angle in the three-
dimensional space that the boundary surface subtends at the field point ܚ [38, 39]. For 
exterior acoustics problems, similar derivation applies as for bounded domains, and the 
Sommerfeld radiation condition at the infinitely far boundary can be satisfied 
automatically. The same direct boundary integral formulation as Eq. (2) is obtained with 
the normal direction having a positive orientation out of the unbounded fluid domain. Eq. 
(2) can be discretized by dividing the boundary of the acoustic cavity into elements with 
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݉ୟ nodes. For a given node ݆ሺ= ͳ,ʹ,⋯ ,݉ୟሻ, the Helmholtz discrete integral equation 
can be written as [38, 39]  
 
 
�(ܚ௝)�(ܚ௝) − ቆ∫ �ୟሺܚ�ሻ ߲ܩ(ܚ௝, ܚ�)߲݊ሺܚ�ሻ d�ሺܚ�ሻ� ቇܘ= iߩ଴߱ቆ∫�ୟሺܚ�ሻܩ(ܚ௝ , ܚ�)d�ሺܚ�ሻ� ቇܞ୬, (4) 
 
where �ୟሺܚ�ሻ is a row vector consisting of shape functions of boundary elements of the 
acoustic cavity, and vectors ܘ א ℂ�a×ଵ  and ܞ୬ א ℂ�a×ଵ  respectively represent the 
sound pressures and the normal velocities at nodal points on the boundary of the acoustic 
cavity. Applying Eq. (4) at each node and ignoring the coupling interaction with the direct 
field of the thin plate, the BE method formulation for the acoustic cavity is obtained as 
the following linear system of equations  
 
 ۶ܘ = ۵ܞ୬, (5) 
 
where ۶ א ℂ�a×�a  and ۵ א ℂ�a×�a  are the influence coefficient matrices of sound 
pressure and normal velocity, respectively. 
Consider now the governing equation of the direct field of the thin plate in the 
absence of the acoustic cavity. According to reference [36], the direct field of the thin 
plate is considered as an infinite thin plate, and a grid consisting of ݉ୱ nodes covering 
the coupling surface of the direct field may be required to describe the out-of-plane 
response of the coupling surface of the direct field of the thin plate. The uncoupled 
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equations of motion for the coupling surface of the direct field of the thin plate can then 
be written as  
 
 �ୢi୰ܝ = ܎ + ܎୰ୣ୴ୱ , (6) 
 
where ܝ א ℂ�s×ଵ is the vector of out-of-plane displacements at nodal points on the grid 
of the direct field of the thin plate, �ୢi୰ א ℂ�s×�s is the direct field dynamic stiffness 
matrix which can be given by the inverse of the receptance matrix [40, 41], ܎ א ℂ�s×ଵ 
is the vector of generalized forces and ܎୰ୣ୴ୱ א ℂ�s×ଵ  is the vector of the blocked 
reverberant forces [32, 33]. 
The BE model is divided into two parts, one of which is connected to the direct field 
of the thin plate and is called the coupled acoustic boundary, while the other is called the 
uncoupled acoustic boundary. The numbers of nodes on the uncoupled acoustic boundary 
and coupled acoustic boundary are ݉ୟ୬ୡ  and ݉ୟୡ , respectively. Hence, the normal 
velocity vector can be written as ܞ୬ = (ܞ୬୬ୡT, ܞ୬ୡT)T , with ܞ୬୬ୡ א ℂ�anc×ଵ  and ܞ୬ୡ אℂ�ac×ଵ the nodal normal velocities depending on which boundary they are acting on.  
Considering the coupling interaction between the acoustic cavity and the direct field 
of the thin plate, the direct field of the thin plate may produce an additional normal 
velocity ̃ܞ୬ୡ א ℂ�ac×ଵ in the resulting BE model of Eq. (5). A relationship between the 
normal fluid velocity vector and the out-of-plane displacement vector of the direct field 
of the thin plate may be established by considering the velocity continuity at the fluid-
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structure coupling interface  
 
 ܞ୬ୡ = ̃ܞ୬ୡ = i߱܂ୱܝ, (7) 
 
where ܂ୱ א ℝ�ac×�s  is the transformation matrix resulting from the non-conforming 
grids appearing at the fluid-structure coupling face. By using Eqs. (5) and (7), the 
modified BE formulation for the acoustic cavity when considering the coupling 
interaction with the direct field of the thin plate can be written as  
 
 ۶ܘ = ۵ {ܞ୬୬ୡ̃ܞ୬ୡ } = ۵ሺ̅ܞ୬ + i߱܂ܝሻ, (8) 
 
with ̅ܞ୬ = (ܞ୬୬ୡT, ��s×ଵT )T, ܂ = [��anc×�s܂ୱ ]. 
The force loading of the sound pressure on the direct field of the thin plate along the 
fluid-structure coupling interface may be regarded as an additional normal load. By using 
Eq. (6), the modified out-of-plane displacement vector can be written as [37] 
 
 
ܝ = ∫ ۵̃ሺܚሻ�ሺܚሻd��� + �ୢi୰−ଵ܎ + �ୢi୰−ଵ܎୰ୣ୴ୱ , (9) 
 
where ۵̃ሺܚሻ = {̃ܩሺܚ, ܚଵሻ ̃ܩሺܚ, ܚଶሻ ⋯ ̃ܩ(ܚ, ܚ௝) ⋯ ̃ܩ(ܚ, ܚ�ac)}T  is the Green’s 
function of the infinite thin plate and �� is the coupling interface. The Green’s function 
of the infinite thin plate is given by [40, 41] 
 
 
̃ܩ(ܚ, ܚ௝) = − i8݇ୠଶܦ [ܪ଴ሺଶሻ(݇ୠ|ܚ − ܚ௝|) − ܪ଴ሺଶሻ(−i݇ୠ|ܚ − ܚ௝|)], (10) 
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where ܦ is the flexural rigidity of the thin plate, ݇ୠ is the bending wave number of the 
thin plate and ܪ଴ሺଶሻሺ∙ሻ is the zeroth order Hankel function of the second kind. According 
to the BE method, �ሺܚሻ can be approximated by �ሺܚሻ = �ୟሺܚሻܘ, and so Eq. (9) can be 
written as  
 
 
ܝ = ቆ∫ ۵̃ሺܚሻ�ୟሺܚሻd��� ቇܘ + �ୢi୰−ଵ܎ + �ୢi୰−ଵ܎୰ୣ୴ୱ . (11) 
 
Pre-multiplying Eq. (11) by �ୢi୰ gives  
 
 �ୢi୰ܝ = ܎ + ܎୰ୣ୴ୱ + �ܘ, (12) 
 
with  
 
 
� = �ୢi୰∫ ۵̃ሺܚሻ�ୟሺܚሻd��� . (13) 
 
The governing equation of the system can be obtained by combining Eqs. (8) and 
(12), and is written as  
 
 [ ۶ −i߱۵܂−� �ୢi୰ ] {ܘܝ} = {۵̅ܞ୬܎ } + {��a×ଵ܎୰ୣ୴ୱ }. (14) 
 
For the sake of simplicity, Eq. (14) will be written as  
 
 �୲୭୲ܙ = ܎ୣx୲ + ܎୰ୣ୴, (15) 
 
where �୲୭୲ = [ ۶ −i߱۵܂−� �ୢi୰ ]  is the total dynamic stiffness matrix, ܙ = {ܘܝ}  is the 
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vector of all degrees of freedom, ܎ୣx୲ = {۵̅ܞ୬܎ } is the vector of all external forces and ܎୰ୣ୴ = {��a×ଵ܎୰ୣ୴ୱ } is the vector of all blocked reverberant forces. 
 
3.2 Power balance equation 
According to reference [33], if there is sufficient uncertainty in the statistical thin 
plate, the statistics of the blocked reverberant force tend to zero. Rewriting Eq. (15) in 
cross-spectral form and averaging over an ensemble of statistical thin plate gives [32, 33] 
 
 
܁௤௤ = ۃܙܙHۄ = ܁௤௤ୣx୲ + ܁௤௤୰ୣ୴, (16) 
 
where ۃ∙ۄ is the ensemble average, ∙H is the Hermitian transpose of ∙, and  
 
 ܁௤௤ୣx୲ = �୲୭୲−ଵ܁��ୣx୲�୲୭୲−H = [܁௣௣ୣx୲ ܁௣௨ୣx୲܁௨௣ୣx୲ ܁௨௨ୣx୲], (17) 
 
 ܁௤௤୰ୣ୴ = �୲୭୲−ଵ܁��୰ୣ୴�୲୭୲−H = [܁௣௣୰ୣ୴ ܁௣௨୰ୣ୴܁௨௣୰ୣ୴ ܁௨௨୰ୣ୴], (18) 
 
where the subscripts � and ݑ stand for the degrees of freedom of acoustic cavity and 
the direct field of the thin plate, respectively. ∙−H is the Hermitian transpose of the inverse 
matrix. ܁��ୣx୲ and ܁��୰ୣ୴ are the cross-spectrum matrices of the vector of total external 
forces and total blocked reverberant forces, respectively. By using Eqs. (14) and (15), ܁��ୣx୲ and ܁��୰ୣ୴ can be, respectively, written as  
 
 
܁��ୣx୲ = ۃ܎ୣx୲܎ୣx୲H ۄ, (19) 
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 ܁��୰ୣ୴ = ۃ܎୰ୣ୴܎୰ୣ୴H ۄ = [��a×�a ��a×�s��s×�a ܁��୰ୣ୴,ୱ ], (20) 
 
with ܁��୰ୣ୴,ୱ = ۃ܎୰ୣ୴ୱ ܎୰ୣ୴ୱ Hۄ. A connection between the ensemble average of the cross-
spectrum ܁��୰ୣ୴,ୱ of blocked reverberant force and the ensemble average of the energy ܧ 
of the direct field of the thin plate may be established by the diffuse field reciprocity 
principle [33]. It can be written as  
 
 ܁��୰ୣ୴,ୱ = 4ܧߨ߱݊୫ Im{�ୢi୰}, (21) 
 
where ݊୫ is the modal density of the thin plate. Combining Eqs. (18), (20) and (21) 
gives 
 
܁௤௤୰ୣ୴ = ݊ܧ୫ �, (22) 
 
where 
 
 � = 4ߨ߱�୲୭୲−ଵ Im{�̃ୢi୰}�୲୭୲−H, (23) 
 
with  
 
 �̃ୢi୰ = [��a×�a ��a×�s��s×�a �ୢi୰ ]. (24) 
 
Matrix � can be written in block form as  
 
 � = [�௣௣ �௣௨�௨௣ �௨௨]. (25) 
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The power balance equation of the reverberant field of the thin plate can be written 
as  
 
 �i୬ = �୭୳୲୰ୣ୴ + �ୢ iୱୱ, (26) 
 
where �i୬ = �i୬ୢi୰ + �i୬ୣx୲ is the total power input to the statistical thin plate, with �i୬ୢi୰ 
the power arising from the force applied to the deterministic acoustic cavity, and �୭୳୲୰ୣ୴ 
the power caused by other sources (such as rain-on-the-roof excitation) applied directly 
to the statistical thin plate. �ୢ iୱୱ is the power dissipated in the statistical thin plate, for 
which proportional damping is assumed in the SEA. 
The time and ensemble average input power to the direct field is given by  
 
 
�i୬ୢi୰ = ߱ʹ∑Im{�ୢi୰,௜௝}ሺ܁௨௨ୣx୲ሻ௜௝௜௝ . (27) 
 
The ensemble average power dissipated within the reverberant field of the thin plate 
can be written as [20] 
 
 �ୢ iୱୱ = ߱�ܧ, (28) 
 
where � is the damping loss factor of the thin plate. 
The rate at which work is done on the connection region by the blocked reverberant 
force determines the ensemble average rate at which energy leaves the reverberant field 
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of the thin plate [37]  
 
 
�୭୳୲୰ୣ୴ = ͳʹRe {∫ �୰ୣ୴ሺܚሻݒ୬,୰ୣ୴∗ ሺܚሻd��� }, (29) 
 
where �୰ୣ୴ሺܚሻ and ݒ୬,୰ୣ୴ሺܚሻ are the sound pressure and normal velocity, respectively, 
at the coupling interface due to the blocked reverberant force. ∙∗ stands for the conjugate 
of ∙. Considering the velocity continuity at the coupling interface, Eq. (29) can be written 
as  
 
 
�୭୳୲୰ୣ୴ = ͳʹRe {−i߱∫ [�ୱሺܚሻܝ୰ୣ୴]H[�ୟሺܚሻܘ୰ୣ୴]d��� }, (30) 
 
where ܘ୰ୣ୴ and ܝ୰ୣ୴ are the vectors of sound pressure on the boundary of the acoustic 
cavity and out-of-plane displacement of the direct field of the thin plate, respectively, due 
to the blocked reverberant force, �ୱሺܚ�ሻ is a row vector consisting of shape functions 
for the out-of-plane displacement of the direct field of the thin plate. Simplifying Eq. (30) 
gives 
 
 �୭୳୲୰ୣ୴ = ͳʹRe {−i߱∑ቆ∫ �ୱHሺܚሻ�ୟሺܚሻd��� ቇ௜௝ (܁௨௣୰ୣ୴)௜௝∗௜௝ }. (31) 
 
By using Eqs. (18), (22)-(25) and (31), the time and ensemble average power leaving the 
reverberant field of the thin plate are given by  
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�୭୳୲୰ୣ୴ = ℎ୭୳୲୰ୣ୴ ݊ܧ୫, (32) 
 
with  
 
 ℎ୭୳୲୰ୣ୴ = ͳʹRe {−i∑ቆ∫ �ୱHሺܚሻ�ୟሺܚሻd��� ቇ௜௝ (�௨௣)௜௝∗௜௝ }. (33) 
 
Inserting Eqs. (27), (28) and (32) into Eq. (26) gives the following expression for power 
balance within the reverberant field of the thin plate  
 
 
ܥ ݊ܧ୫ = �, (34) 
 
with ܥ = ߱݊୫� + ℎ୭୳୲୰ୣ୴, � = �i୬ୢi୰ + �i୬ୣx୲. 
 
3.3 Post-processing 
The energy of the thin plate can be calculated using the power balance equation, i.e. 
Eq. (34), and then the response cross-spectrum of the system may be obtained by using 
Eqs. (16)-(24). In the above derivation, however, the results associated with the acoustic 
cavity only give the responses on its boundary. By using Eq. (4), formulations for 
calculating the response of sound pressure for any point inside the acoustic cavity domain 
can be obtained, as follows. 
Selecting some points inside the acoustic cavity domain, the matrices ܏ and ܐ 
containing the coefficient vectors of the sound pressure and normal velocity, respectively, 
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can be obtained by using Eq. (4). Then the vector of the sound pressures at the selected 
points inside the acoustic cavity can be written as  
 
 ܘi୬୲ = ܏ሺ̅ܞ୬ + i߱܂ܝሻ − ܐܘ. (35) 
 
Rewriting Eq. (35) in cross-spectral form and averaging over an ensemble of the statistical 
thin plate gives  
 
 
܁௣௣i୬୲ = ߱ଶሺ܏܂܁௨௨܂H܏Hሻ + ܏܁௩̅n௩̅n܏H + ܐ܁௣௣ܐH+ i߱ሺ� − �H + � − �Hሻ − � − �H, (36) 
 
where  
 
 
� = ܏܂܁௨௩̅n܏H, (37) 
 
 
� = ܐ܁௣௨܂H܏H, (38) 
 
 
� = ܏܁௩̅n௣ܐH, (39) 
 
with ܁௨௨ = ۃܝܝHۄ, ܁௩̅n௩̅n = ۃ̅ܞ୬̅ܞ୬Hۄ, ܁௣௣ = ۃܘܘHۄ, ܁௨௩̅n = ۃܝ̅ܞ୬Hۄ, ܁௣௨ = ۃܘܝHۄ and ܁௩̅n௣ = ۃ̅ܞ୬ܘHۄ. ܁௩̅n௩̅n can be conveniently obtained from the specified normal velocity 
on the boundary of the acoustic cavity. ܁௣௣, ܁௨௨ and ܁௣௨ can be calculated using the 
formulations given in the previous section. In what follows, the formulations for 
calculating ܁௨௩̅n and ܁௩̅n௣ are obtained using Eq. (8). 
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Post-multiplying Eq. (8) by ܘH gives 
 
 ۶ܘܘH = ۵ሺ̅ܞ୬ + i߱܂ܝሻܘH. (40) 
 
Simplifying Eq. (40) and averaging over an ensemble of the statistical thin plate gives  
 
 
܁௩̅n௣ = ۵−ଵ۶܁௣௣ − i߱܂܁௣௨H . (41) 
 
Similarly, post-multiplying Eq. (8) by ̅ܞ୬H , and averaging over an ensemble of the 
statistical thin plate gives  
 
 
܁௨௩̅n = ܂−ଵ(۵−ଵ۶܁௣௩̅n − ܁௩̅n௩̅n)/i߱. (42) 
 
It is important to note here that the transformation matrix ܂ is generally not invertible. 
But Eq. (42) can be used as 
 
 
܂܁௨௩̅n = (۵−ଵ۶܁௣௩̅n − ܁௩̅n௩̅n)/i߱. (43) 
 
Inserting Eqs. (41) and (43) into Eq. (36), the cross-spectrum of the sound pressure at the 
points inside the acoustic cavity can be obtained, and then the ensemble average of sound 
pressure amplitude may be calculated. 
 
4 Numerical example 
In this section, a simple verification example consisting of an acoustic cavity and a 
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thin plate, as shown in Fig. 2, is presented for illustrating the validity of proposed method. 
The acoustic cavity filled with air has dimensions 0.7 m by 1.0 m by 0.5 m. At one side a 
thin aluminum plate with dimensions of 0.7 m by 1.0 m by 0.001m is connected, and the 
other walls are considered to be acoustically rigid. The edges of the plate are all simply 
supported. The mass density and sound speed of the air are ߩ଴ =1.225 kg/m3 and �଴ =340.0 m/s, respectively. The mass density, Young’s modulus, Poisson’s ratio and 
damping loss factor of the plate are ߩ୮ =2700.0 kg/m3, ܧ =71.0 GPa, � =0.33 and � =0.01, respectively. A unit velocity is applied over a surface of 0.04 m2 on the front 
wall of the acoustic cavity located at the point (0.2, 0.3, 0.5), and the frequency range 
considered is from 1 Hz to 400 Hz. 
 
Figure 2 in text 
 
In the frequency range of interest, the acoustic cavity only has 7 modes, while the 
thin plate has 79 modes. Since there are significant differences between the modal density 
of the acoustic cavity and the thin plate, the system will possess typical mid-frequency 
vibration behavior, here with a deterministic acoustical behavior and a statistical 
structural behavior, within the frequency range. The results obtained using the proposed 
hybrid BE-SEA method are benchmarked by comparison to models of the hybrid FE-SEA 
method [33] and large FE Monte Carlo simulation.  
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The acoustic cavity is modeled by using the BE method and FE method, respectively, 
in the hybrid BE-SEA and hybrid FE-SEA models, while the thin plate is modeled by 
SEA in both methods. In order to obtain acceptable results, a very fine FE mesh is used 
to capture short wavelengths in the Monte Carlo simulation model of the system. An 
ensemble is generated by adding 20% of the mass of the thin plate at 200 points, which 
are chosen randomly, within the thin plate. The acoustic system matrices and the acoustic-
structure system matrices in respectively the hybrid FE-SEA method and the Monte Carlo 
simulation are composed using NX Nastran 10.0 [42]. It is important to note that 
appropriate element sizes were chosen for the parts modeled using element-based 
techniques in the three methods, typically six to eight elements per wavelength. The 
acoustic cavity model employed in the hybrid BE-SEA method has fewer degrees of 
freedom than those employed both in the hybrid FE-SEA method and in the Monte Carlo 
simulation, as shown in Fig. 3. Details of the parts modeled using element-based 
techniques in the three methods are given in Table 1. 
 
Figure 3 in text 
 
Table 1 in text 
 
In order to verify the proposed method, 500 sets of random point masses have been 
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added to the FE model of the thin plate employed in the Monte Carlo simulation, and the 
results from each of these systems are shown in Fig. 4, together with the average of the 
500 results. The results calculated with the proposed method and hybrid FE-SEA method 
are also shown in Fig. 4. As can be seen, the results obtained from the proposed method 
have a good agreement with the results from the hybrid FE-SEA method and predict the 
same variation tendency as the results from the Monte Carlo simulation. However, it can 
be seen from Fig. 4 that there are small discrepancies at lower frequencies due to the weak 
randomness in the thin plate. As the frequency increases, both hybrid approaches predict 
well the averaged results of the Monte Carlo simulation with perturbed mass of the thin 
plate. 
 
Figure 4 in text 
 
The BE method is employed for modeling the acoustic cavity in the proposed method. 
Modeling the boundary of an acoustic cavity using the BE method is always easier than 
modeling the acoustic cavity itself using the FE method, not to mention that the acoustic 
cavity may be unbounded in an exterior acoustics problem. The reduction of dimensions 
due to using the BE method implies the proposed method will be more efficient than the 
hybrid FE-SEA method in the modeling stage. Compared with the hybrid WBM-SEA 
method [37], the proposed method can handle a more complex boundary of the geometry, 
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and has better numerical stability. Of course, since the Green’s function employed in the 
hybrid BE-SEA method is frequency dependent, the coefficient matrices in the boundary 
element equation are also frequency dependent. This results in a very time consuming 
frequency dependent analysis because the coefficient matrices have to be calculated at 
each frequency. Moreover, although the BE method allows for a more compact problem 
description and easier mesh generation, it generates fully populated and unsymmetric 
matrices, which means that the computation time is longer compared to the sparse, 
symmetric matrices which arise in the FE method.  
In order to further verify the proposed method, Fig. 5 compares the sound pressure 
contours on the boundary of the acoustic cavity obtained by using the proposed method 
and Monte Carlo simulation at 235Hz. A good agreement between two contours can be 
seen, expect for some localized small discrepancies due to the different element sizes. Fig. 
6 shows the sound pressure at the center of the surface subjected to external excitation 
calculated by the present method and Monte Carlo simulation. As can be seen, the 
proposed approach yields a good prediction of the response of the sound pressure 
amplitude, with statistical smoothing of the effect of the each realization in the ensemble. 
 
Figure 5 in text 
 
Figure 6 in text 
28 
 
In order to verify the formulations of the post-processing, comparison of the sound 
pressure amplitudes at the point (0.40, 0.60, 0.30) inside the acoustic cavity obtained by 
using the proposed method and the Monte Carlo method are shown in Fig. 7. Good 
agreements can be found in the comparison. However, it can be seen from Fig. 7 that there 
are apparent discrepancies at lower frequencies because of the weakness of the 
randomness. As the frequency increases, the proposed method predicts well the averaged 
results of the Monte Carlo simulation with perturbed mass of the thin plate. 
 
Figure 7 in text 
 
As can be seen in Figs. 6 and 7, the 500 sound pressure-frequency curves obtained 
from the Monte Carlo simulation are relatively concentrated. This is because the acoustic 
wavelength of the cavity is still long while the deformation wavelength of the thin plate 
become very short at 400Hz. As explained earlier, the uncertainty can be ignored when 
the system has a large wavelength at a lower frequency range. However, it should be 
considered when the system has small wavelength at mid- and high-frequency ranges. 
Moreover, the response curves computed using a fully deterministic FE model, for a 
completely rigid plate and for a homogenous thin plate with nominal thickness, are shown 
in Figs. 6 and 7. As can be seen in Figs. 6 and 7, although the sound pressure level 
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considering the plate as a rigid plate is similar to that considering the plate as a flexible 
thin plate, the frequencies at which the peaks of the sound pressure appear in the two 
circumstances are obviously different. The response curve computed considering the plate 
as a flexible thin plate has more peaks than that considering the plate as a rigid plate, 
which is caused by the dense modes of the plate in the frequency band of interest. The 
hybrid BE-SEA method assumes that the statistical subsystem has sufficient uncertainty 
[32, 33]. The plate with fully deterministic parameters may be considered as a special 
case of a collection of fully random plates. Hence, in theory, the response curve computed 
considering the plate as a homogenous thin plate should be enveloped in the curve set 
computed using Monte Carlo simulation with enough realizations. However, it is 
important to note that the uncertainty in the Monte Carlo simulation in the numerical 
example is applied by adding 20% of the mass of the thin plate at 200 points, which are 
chosen randomly, within the thin plate. This will result a slight decrease in the natural 
frequencies of the system, which can be seen in Figs. 6 and 7. 
 
5 Conclusions 
A hybrid method based on the concept of the hybrid FE-SEA has been proposed for 
the mid-frequency vibration of vibro-acoustic systems. In the proposed method the 
deterministic acoustic cavity is modeled by using the BE method. Due to the nature of the 
BE method, the proposed method is more efficient in the modeling stage, and 
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automatically satisfies the Sommerfeld radiation condition at the infinitely far boundary 
for exterior acoustics problems. It should be pointed out that the coefficient matrices in 
the boundary element equation are frequency dependent, which results in a very time 
consuming frequency dependent analysis because these coefficient matrices have to be 
calculated at each frequency. Moreover, unlike the hybrid FE-SEA method, the present 
method generates a linear system of equations with a dense unsymmetric matrix. Hence, 
much time may be required to solved that equation. A typical vibro-acoustic system 
consisting of an acoustic cavity and a thin plate is considered as a numerical example. For 
the ensemble average of the energy stored by the thin plate and sound pressure at the 
boundary and inside the acoustic cavity, the results of the proposed method agree well 
with those obtained by the hybrid FE-SEA method and Monte Carlo simulation. 
Furthermore, the degree of energy dispersion of the thin plate and sound pressure of the 
acoustic cavity computed using Monte Carlo approach for 500 realizations of ensemble 
shows that the random uncertainty of thin plate has great influence on itself, but very little 
influence on the acoustic cavity. Hence, it is necessary to take into account random 
uncertainty in modeling short-wavelength motion. 
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Table 1  Details of the parts modeled using element-based techniques 
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Tables 
 
Table 1  Details of the parts modeled using element-based techniques 
Analysis model Element type Element 
size (m) 
Number of 
elements per 
wavelength at 
400Hz 
Number of 
degrees of 
freedom 
Hybrid BE-SEA 
Cavity 4-node 
quadrilateral 0.050 17 1242 
Direct field 4-node 
quadrilateral 0.025 6 1189 
Hybrid FE-SEA 
Cavity 8-node hexahedral 0.050 17 3465 
Direct field 4-node 
quadrilateral 0.025 6 1189 
Monte Carlo 
simulation 
Cavity 8-node hexahedral 0.020 42 47736 
Plate 4-node 
quadrilateral 0.020 6 5508 
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Figure captions 
Fig. 1  Model of a vibro-acoustic system. Left, acoustic cavity; middle, direct field; right, 
reverberant field. 
Fig. 2  Problem geometry. Gray area, a thin plate coupled to the acoustic cavity; blue 
area, the domain subjected to external excitation; other areas, the acoustically rigid walls. 
Fig. 3  The models of the acoustic cavity employed in the three methods 
Fig. 4  Energy in the plate. Gray lines, computed using Monte Carlo approach for 500 
realizations of ensemble; black line, ensemble average of Monte Carlo results; red line, 
ensemble average computed using Hybrid FE-SEA method; blue line, ensemble average 
computed using Hybrid BE-SEA method. 
Fig. 5  Sound pressure contour on the boundary of acoustic cavity. 
Fig. 6  Sound pressure response at the center of the domain subjected to external 
excitation. Gray lines, computed using Monte Carlo approach for 500 realizations of 
ensemble; red line, ensemble average of Monte Carlo results; blue line, ensemble average 
computed using Hybrid BE-SEA method; black line, computed using a fully deterministic 
FE model considering the plate as a rigid plate; dark cyan line, computed using a fully 
deterministic FE model considering the plate as a homogenous plate with the nominal 
thickness provided by this paper. 
Fig. 7  Sound pressure response at a point inside the acoustic cavity with coordinates 
(0.40, 0.60, 0.30). Gray lines, computed using Monte Carlo approach for 500 realizations 
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of ensemble; red line, ensemble average of Monte Carlo results; blue line, ensemble 
average computed using Hybrid BE-SEA method; black line, computed using a fully 
deterministic FE model considering the plate as a rigid plate; dark cyan line, computed 
using a fully deterministic FE model considering the plate as a homogenous plate with 
the nominal thickness provided by this paper. 
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Fig. 1  Model of a vibro-acoustic system. Left, acoustic cavity; middle, direct field; 
right, reverberant field. 
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Fig. 2  Problem geometry. Gray area, a thin plate coupled to the acoustic cavity; blue 
area, the domain subjected to external excitation; other areas, the acoustically rigid 
walls. 
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     (a) Proposed method  (b) Hybrid FE-SEA method  (c) Monte Carlo Simulation 
Fig. 3  The models of the acoustic cavity employed in the three methods 
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Fig. 4  Energy in the plate. Gray lines, computed using Monte Carlo approach for 500 
realizations of ensemble; black line, ensemble average of Monte Carlo results; red line, 
ensemble average computed using Hybrid FE-SEA method; blue line, ensemble average 
computed using Hybrid BE-SEA method. 
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(a) Monte Carlo simulation 
 
(b) Proposed method 
Fig. 5  Sound pressure contour on the boundary of acoustic cavity. 
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Fig. 6  Sound pressure response at the center of the domain subjected to external 
excitation. Gray lines, computed using Monte Carlo approach for 500 realizations of 
ensemble; red line, ensemble average of Monte Carlo results; blue line, ensemble 
average computed using Hybrid BE-SEA method; black line, computed using a fully 
deterministic FE model considering the plate as a rigid plate; dark cyan line, computed 
using a fully deterministic FE model considering the plate as a homogenous plate with 
the nominal thickness provided by this paper. 
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Fig. 7  Sound pressure response at a point inside the acoustic cavity with coordinates 
(0.40, 0.60, 0.30). Gray lines, computed using Monte Carlo approach for 500 
realizations of ensemble; red line, ensemble average of Monte Carlo results; blue line, 
ensemble average computed using Hybrid BE-SEA method; black line, computed using 
a fully deterministic FE model considering the plate as a rigid plate; dark cyan line, 
computed using a fully deterministic FE model considering the plate as a homogenous 
plate with the nominal thickness provided by this paper. 
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